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Abstract 

In this paper we study 3+1 holographic superconductors with Weyl corrections. We find that the 
critical temperature of a superconductor with Weyl corrections increases as we amplify the Weyl 
coupling parameter 7, indicating the condensation will be harder when the parameter 7 decreases. 
We also calculate the conductivity and the ratio of gap frequency over critical temperature oj g /T c 
numerically for various coupling parameters. We find that the ratio uo g /T c becomes larger when 
the Weyl coupling parameter 7 decreases. We also notice that when 7 < there is an extra spike 
that appears inside the gap. 
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I. INTRODUCTION 



Since 1986, the discovery that metallic, oxygen-deficient compounds in the Ba-La-Cu-0 
system can superconduct at 35K which is thought as the upper limit allowed by BCS 
theory \^ , has reignited physicists' quest for high-temperature superconductors. Until now, 
the high-temperature superconductor materials have been discovered in the laboratory and 
many common features of the high-temperature superconductors have also been revealed, 
but there is no widely accepted theory to explain their properties as the BCS theory in classi- 
cal superconductors (superconducting below SO-fT))^. Recently, many theoretical physicists 
lave resorted to the AdS/CFT (Anti-de Sitter/Conformal Field Theory) correspondence 
3-6] to offer insight into the pairing mechanism in the high-temperature superconductors. 
The AdS / CFT correspondence advances a remarkable equivalence between a <i-dimensional 
strongly coupled conformal field theory on the boundary and a (d + l)-dimensional weakly 
coupled dual gravitational description in the bulk. Through the correspondence, some ques- 
tions in strongly coupled field theories become amenable to compute and transparent to 
understand. 

The first model for holographic superconductors was established by Hartnoll, Herzog and 
Horowitz This model originated from the discovery that in an Abelian Higgs model 
coupled to gravity in AdS space, Abelian symmetry of Higgs is spontaneously broken due 
;o the existence of a black hole js, 1^. For a general review of the subject, please see 
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14]. The holographic superconductor is the s-wave superconductors, in which they 
considered a charged scalar field and the only Maxwell sector A = A t in an AdS black hole 
background. The simple model possesses some basic features such as the existence of a 
critical temperature, the occurrence of second order phase transition. 

However, there are still many defects in such a simple model. For instance, at zero 
temperature and frequencies u < u g , the real part of the conductivity vanishes identically 



p. 



551 ] . However, as we all know there is a Goldstone boson in our symmetry broken phase, 
which may lead to a nonzero conductivity at low frequencies. As pointed out in Ref. 15], the 
situation may be caused by the large N limit what we considered in this model. Therefore, 
it is interesting to explore the cases beyond the large N limit. Such investigations are pro- 
cessing, for instance, the holographic superconductors with the higher curvature corrections 
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22]. In addition, many other extending works have been published, for instance, the 
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holog 



field 
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lie superconductor at zero temperature limit 23j, |24j or with an external magnetic 



theories 
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the vortex solution 
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- |34j , the holographic superconductor in other gravity 



471 ] , a general class of holographic superconductors [35l-l39| and a holographic su- 



perconductor model in the Born-Infeld electrodynamics |53lj. Later both p-wave and d-wave 
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holographic superconductors were also constructed 

In order to explore the effects beyond the large N limit on the holographic superconductor, 
we will take into account an interesting extension of Einstein-Maxwell theory in this paper, 
which involves a coupling between the Maxwell field and the bulk Weyl tensor 54J. In Ref. 



54J, the authors calculated the conductivity and charge diffusion with Weyl corrections and 



showed that corrections break the universal relation with the U(l) central charge observed 
at leading order. It is interesting to see when including Weyl corrections, how the picture 
of the holographic superconductor is modified. 

Our paper is organized as follows. In section II, we construct the 3 + 1 holographic su- 
perconductor with Weyl corrections and present numerical results for the condensation and 
critical temperature of the holographic superconductor. Then we investigate the conductiv- 
ity numerically in section III. Conclusions and discussions follow in section IV. Finally, a 
derivation of the retarded Green's function is presented in appendix |X] 



II. THE 3 + 1 HOLOGRAPHIC SUPERCONDUCTOR WITH WEYL CORREC- 
TIONS 



The simplest 3 + 1 holographic superconductor model includes the gravitational field, the 



U(l) gauge field, anc 



action is given by 



the complex scalar field of mass m and charge q. The corresponding 



S 



R 



12 
L2 



— jT 

2 7H ( J 



(1) 



with 



4 L/ L 4 



(2) 



where Gn is the gravitational Newton constant, the 12/L 2 term gives a negative cosmo logical 
constant and L is the AdS radius. Moreover we have introduced = d^A v — d v A^ and 



D, 
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In this paper, we aim at a holographic superconductor with Weyl corrections 54J- In this 



case, the matter Lagrangian density C m is replaced by 



54) 



1 771 



(3) 



where 7 is a (dimensionful) constant and C^ vpcT is the Weyl tensor. There is a limit on the 
parameter 7 54j: 



L 2 L 2 
16 <7< 24' 



(4) 



the upper bound is because there exists an additional singular point when 7 = §4 and the 



lower bound is due to the causality constraints. 

We will work in the probe approximation (Gn — > and g 2 — > 0) [3, where the 
gravity sector is effectively decoupled from the matter sector. Without loss of generality, we 
fix q — 1. In this limit, the metric is given by an AdS-Schwarzschild black hole: 



r L 
dsl = -^(-f( r )dt 2 + dxidx 1 ) + . dr 2 , 
L z f j\T) 



(5) 



where 



1 



r / 



(6) 



with th > the horizon and r — > 00 boundary of the bulk. The Hawking temperature of 
the black hole is determined by the Schwarzschild radius: 



T 



L 2 ' 



7i 



(7) 



which is also the temperature of the conformal field theory on the boundary of the AdS 
spacetime. 

Applying the Euler-Lagrange equation, we can derive the equations of motion for the 
scalar field 



D^D^ - = 0, 



(8) 



and the generalized Maxwells equations 



(9) 
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where C^ vpcT is the Weyl tensor and has the following nonzero components in AdS^, 

n _ Jyj'H x n H n H x n - H x x fm\ 

For convenience, in the following analysis, we will set L — 1. Consider the following 
Ansatz: 

= tt(r), A t = $(r), (11) 
then the equations of motion (|8J) and (Q reduce to 

/ 24 7 r^\ ., /3 24 7 r 4 \ . 2$^ 2 , , 

(! - $ ' + (" + -^J $ ' - = 0. (13) 

where the prime represents derivative with respect to r. It is more convenient to work in 
terms of the coordinate z = r^/r, in which z — 1 is the horizon and z = the boundary at 
infinity. Then the the equations of motion (fT2"|) and (ITBl can be reexpressed as 



, _ 3 + z 4 1 2 m 2 

2(1 - 2 4 ) 7^(1 - 2 4 ) 2 2 2 fl " Z 4 ' 



(1 - 24 7 2 4 )$" - Q + 72 T 2 3 J $' - — j— - W 2 $ = 0, (15) 

where prime now denotes derivative with respect to 2. We next examine the asymptotic 
behavior of the fields close to the AdS boundary. We first fix the mass of the scalar field 
to m 2 = —3, which is above the Breitenlohner-Freedman bound 56(, so that *f> will have 
asymptotic behavior 

qj = qj_z + ^ + z 3 . (16) 

For m 2 > — gP/4 + 1, the scalar condensation is given by (0+) = \P_ is dual to a source 
for the operator. In order to have spontaneous symmetry breaking, we choose the operator 
to condense without being sourced. On the other hand, the asymptotic expansion of $ has 
the following form 

$ = /i-pz 2 , (17) 
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FIG. 1: The condensation as a function of temperature for the operators < 0+ >. 7 = 
-0.06, -0.04, -0.02, 0, 0.02, 0.04 from top to bottom and the dotted line is just the case 7 = 0. 

where \i and p are the chemical potential and charge density, respectively. Furthermore, at 
the horizon z = 1, the regularity gives two conditions: 



tf'(l) = -tf (1) 



(18) 



$m = 0. 



(19) 



Combining with the boundary conditions (I16p . ( ITT)) . ( |18p and ( TT9)) . we solve equations of 
motion (1141) and ( TT5l) numerically by using a shooting method and plot FIGfTJto demonstrate 
the condensation as a function of temperature for the operators < + >. The curve in FIGfTJ 
is qualitatively similar to that obtained in the holographic superconductors in the Einstein- 
Maxwell electrodynamics [55|, where the condensation < + > goes to a constant at zero 
temperature. 

Furthermore, from FIGfTJ it is easy to find that when including the Weyl corrections, this 
model shows that the critical temperatures will be higher and higher as the parameter 7 
changes from —0.06 to 0.04. This means that, in the holographic superconductor with Weyl 
corrections, the critical temperature becomes smaller and the scalar hair is formed harder 
when 7 < 0, but the cases are just opposite when 7 > 0. 

In table ([!]) we present the critical temperature T c for the condensations with different 
values of parameter 7. From the table, we can infer that if we relax the causality condition 
imposed on the low bound of 7, the critical temperature will become small and eventu- 
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ally vanish by minimizing the coupling parameter 7. Therefore, when the Weyl coupling 
parameter 7 is enough small, the Weyl corrections will spoil the holographic superconductor. 
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-0.06 


-0.04 


-0.02 





0.02 


0.04 


T c 


0.170/j 1 / 3 


0.177P 1 / 3 


0.185P 1 / 3 


0.198P 1 / 3 


0.219/9 1 / 3 


0.304P 1 / 3 



TABLE I: The critical temperature T c for different values of Weyl coupling parameter 7. 



III. ELECTRICAL CONDUCTIVITY 



In this section, we will calculate the electrical conductivity a as a function of frequency 
u. According to the AdS/CFT dictionary, the conductivity is obtained by solving for the 
perturbation of vector potential A x in the bulk. Without loss of generality, we will consider 
just the conductivity in the x-direction. Furthermore, for simplicity we will work at zero 
momentum (k = 0) and suppose that the perturbation of vector potential is radially sym- 
metric and has a time dependence as 5A x (t, r) = A x (r)e~ luJt dx. Applying the generalized 
Maxwell equations (Q, we have the following equation of motion for the perturbation of 
vector potential SA x (t, r): 

'f + + _8t4 (f 1' 



)K + 



+ 1 



f 



AL 



;A X 



2A^ 2 



0. 



(20) 



The causal prop agation on the boundary requires the ingoing wave boundary conditions 
at the horizon 57] 



Mr) ~ (r 2 f(r)y 1 ^ 



(21) 



this condition gives rise to the retarded Green function. By the large r expansion of Eq.(l20l). 
we can obtain the general solution at large radius (r — > 00) in AdS*,, 



Mr) = A {0) + ^r + 



A {2) A^u 2 log Ar 



^•2 2 ^* 2 



+ . . . 



(22) 



where A^°\ A^ and A are integration constants. 

From linear response theory, we know that the conductivity a is related to the retarded 
current- current two-point function for global U(l) symmetry, 

1 



<t(u) = —G K (u,k = 0). 



(23) 



Using the standard AdS/CFT technique, the retarded current Green's function G R can 
be calculated as 1 



G» = - lim r 3 /(r) g^^ , (24) 



r— >oo 



where A x is purely in-falling at the horizon. Substituting the solution ( 12211 into the above 
equation, one can easily obtain the explicit expression of the retarded Green's function 

G» = 2^ + u, 2 (logAr-l). (25) 

The logarithmic term suffers from an ambiguity scale A, which leads to a divergence in 
the Green's function that has to be removed by an appropriate counterterm, as explained 



in 



55]. After adding a counterterm to cancel the logAr, we can reexpressed the retarded 



Green's function as following 



2 



G » = 2 ^(0) " ^T- (26) 



Therefore, the conductivity is given by 

ffM = -^) + T- (27 » 

In order to obtain the and A^ 2 \ we must solve Eq. (f20|) numerically with the boundary 
condition( !2TT) . It is also convenient to work in the coordinate z = r/rn, in which Eq. ( I20l 
becomes 



(i + W 

(1-Z 4 ) 2 Z 2 {l-Z A ) V ' 

The numerical results of the frequency dependent conductivity with different values of 7 
at the same temperature T/T c m 0.3 are illustrated in FIGfS} where the solid line represents 
the real part, and dotted line the imaginary part of a. 

From FIGfSJ we find that the conductivity for superconductors with Weyl corrections 
shares two main common features with the standard version[?], 0]: 



1 In Appendix El we will give a detailed derivation of the retarded Green's function, following Ref.[57[. A 
similar calculation can be also found in Ref.Js^. One find that Weyl term has no explicit effect on the 
retarded Green's function and so we get the same expression of the retarded Green's function in Einstein 
theory for a standard Maxwell field. Therefore, in the following calculation, we can safely use the Eq. (|M)l . 
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FIG. 2: Conductivity for superconductors with different values of 7 at the same temperature 
T/T c ~ 0.3. The solid line represents the real part, and dotted line the imaginary part. There is a 
extra spike that appears inside the gap when 7 < 0. 



9 



(1) The imaginary part has a pole at w — 0, which indicates that the real part contains a 
delta function according to the Kramers- Kronig relation. 

(2) There exists a gap in the conductivity. The conductivity rises quickly near the gap 
frequency u g . 

However, after introducing the Weyl corrections, we find that there is an interesting 
phenomenon that the ratio of gap frequency over critical temperature QJg/ T r . is unstable 



16 



17| or Quasi- 



and running with the parameter 7 as the cases in Gauss-Bonnet gravity 
topological Gravity [19 1. 

Furthermore, we find that the ratio uJ g /T c increases with the fall of the coupling parameter 
7. In addition, the ratio u g /T c > 8 when 7 < 0, and the cases are just opposite when 7 > 0. 



This is very different from the cases in Gauss-Bonnet gravity 16j, [17| or Quasi-topological 



Gravity 



191 ]. in which oj 9 /T c is always greater than 8. 



Finally, we also notice that when 7 < there is an extra spike that appears inside the gap. 



a spike has been a 
to the BF bound 



so observed in the usual holographic superconductor when m 2 approaches 
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55). 



IV. CONCLUSIONS AND DISCUSSION 



In the above sections, we have constructed the holographic superconductor with the Weyl 
corrections and obtained the numerical solutions of this model. In the parameter space of 
the Weyl coupling — ^ < 7 < we find that the critical temperature will be higher as 
we amplify the parameter 7. Therefore, the condensation gets harder when 7 < 0, which is 
consistent with the fact that the higher derivative corrections suppress the phase transition 

nnn 

as obtained in Ref. [16|, [17|, HSJ- While 7 > 0, the result is just opposite. In addition, if we 
relax the causality condition imposed on 7, the Weyl corrections will spoil the holographic 
superconductor when the Weyl coupling parameter 7 is enough small. 

Finally, we calculate the conductivity of holographic superconductors numerically and 
find the ratio u) g /T c is unstable and becomes larger when the Weyl coupling parameter 7 
decreases. We also notice that when 7 < there is an extra spike that appears inside 
the gap, which has been also observed in the usual holographic superconductor when m 2 
approaches the BF bound. 

This work is the first step towards studying the Weyl correction effects on the holo- 



10 



graphic superconductor. Obviously, the next step is to consider the backreaction, which 
may be particularly important when the coupling parameter is positive and large. Another 
important work is to test Coleman-Mermin- Wagner theorem in holographic superconductor 
Therefore, we will go on exploring this case in the future works. 
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Appendix A: The Retarded Green's function 

In this appendix, following the method of Ref. [5 71]. we calculate the retarded current 
Green's function G R by using the AdS/CFT correspondence. We focus on the gauge field 
contribution. Evaluating the action of gauge field with the Weyl correction on-shell: 

S = j d b x^-g\- l -{F^ -^C^F pv F pa )\ 

= J d h x^g^J p F^A v - Iv M (F^A,) - ^VvF^Ar + ^V U (F^A P ) 

+ iV^C^A u F pa ) - jV»(C^F pa )A u - jV^C^AM + ^V u (C^F pa )A p ] 

= - J d 5 xV^g[\^,(F^A u )-2 1 \/ p (C^F pa A u )] 

+ J d\^g[^V,{F^)A u -2 1 V ll {C^F p(T )AA 
= - J d^x^[U/ p {F^A u )-2 1 V p {C^ p °F ptJ A v )} 

= - [ d A x^h\]-F^n p A v -2 1 C^F pa n p A v l (Al) 

JdM Z 
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we find that the action reduces to a surface term due to the bulk contribution vanishing. 
Furthermore, the above action can be explicitly written as 

S = -~ / d 4 xV^hg rr g xx (1 - 8jg rr g xx C rxrx ) n r A x d r A x 

1 JdM 

= -I f d 4 xr 3 f(r) (l + ^l) A x d r A x (A2) 

1 JdM \ r J 

Near the boundary (r — > oo), the Weyl term can be neglected and the action reduces to 
the usual case 

S = -I / d 4 xr 3 f(r)A x d r A x (A3) 

Z JdM 

Transforming Eq. (1A3p to the Fourier space and comparing the result with the standard 
AdS/CFT case 

S = \ I ^M-*)G R WMV I— (A4) 

2 JdM ( 27r ) 

we can get the expression of the retarded Green's function 

G u (k) = - hm r A f{r)—- (A5) 

r^oo A x (r,-k)A x (r,k) 

where k = (tu,k). Working at zero momentum (k = 0), the retarded Green's function can 
be furthermore expressed as 

G» = -lim r 3 f(r) dr f x . {r ^ (A6) 

The expression of the retarded Green's function is the same as that of Einstein theory for 
a standard Maxwell field, i.e., Weyl term has no effect on the retarded Green's function. If 
A x is normalized to A x (r — > oo) = 1, the retarded Green's function is often expressed asj^] 

G R = — lim r 3 f{r)A x A' x . (A7) 
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